Abstract. The solutions of the Balitsky-Kovchegov evolution equations are studied numerically and compared with known analytical estimations. The rapidity and nuclear size dependences of the saturation scale are obtained for the cases of fixed and running coupling constant. These same dependences are studied in experimental data, on lepton-nucleus, deuteron-nucleus and nucleus-nucleus collisions, through geometric scaling and compared with the theoretical calculations.
Introduction
The cleanest experimental information about parton distributions comes from deep inelastic scattering experiments. At high energy, they can be described by the QCD dipole model [1] , which expresses the cross section of the virtual photon, emitted by the lepton, on the hadron h (proton or nucleus) as
Here, Ψ T,L are the transverse and longitudinal wave functions for the splitting of γ * into adipole of transverse size r with light-cone fractions z and (1 − z). The dipole cross section, σ h dip (r, x), can be written as an integral of the dipole scattering amplitude N h over the impact parameter b, σ h dip (r, x) = 2 db N h (r, x; b) .
In this framework, the QCD evolution is included in the dipole forward scattering amplitude. The simplest equation describing this evolution and taking into account saturation effects is the Balitsky-Kovchegov (BK) equation [2] . We will first review the properties of the solutions of the BK equations in configuration space and then discuss whether these properties are observed in presently available data.
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BK equation
The BK equation [2] describes the rapidity Y = ln(s/s 0 ) = ln(x 0 /x) evolution of the scattering probability N (x, y, Y ) of adipole with an hadronic target. When considering an homogeneous target with radius much larger than the size of any dipole, the dependence on impact parameter can be neglected and the equation reads
where we define r = x − y, r 1 = x − z, r 2 = y − z. Here, x (y) is the position of the q (q) in transverse space with respect to the centre of the target and z is the corresponding one for the emitted gluon. The BFKL kernel is given by K(r, r 1 , r 2 ) =ᾱ s r 2 r 2 1 r 2
2
,ᾱ s = α s N c π .
The BK equation (3) has a rather simple probabilistic interpretation [3] : when evolved in rapidity, the parent dipole with ends located at x and y emits a gluon, which, in the large-N c limit, corresponds to two dipoles with ends (x, z) and (z, y), respectively. The probability of such emission is given by the BFKL kernel (4) , and weighted by the scattering probability of the new dipoles minus the scattering probability of the parent dipole (as the variation with rapidity of the latter is computed). The non-linear term, subtracted in order to avoid double counting, prevents, in contrast to BFKL, the amplitude from growing boundlessly with rapidity. The BK equation ensures unitarity locally in transverse configuration space, |N (r, Y )| ≤ 1. This is guaranteed since for N (r, Y ) = 1, the derivative with respect to Y in (3) cannot be positive.
The BK equation (3) was derived at leading order in α s ln (s/s 0 ) for a fixed coupling constant α s . It is expected that next-to-leading-log corrections will play a significant role. An important part of these corrections will arise, as in BFKL, from the running of the coupling. The scale of the running coupling can only be determined in earnest once the full next-to-leading-log calculation is available. It is not clear a priori which of the three distance scales in the kernel (4) -an 'external' one, the size of the parent dipole; r, and two 'internal' ones, the sizes of the two newly created dipoles, r 1 and r 2 -should drive the running of the coupling. In order to access the sensitivity of the results to an heuristically introduced running coupling, different modifications of the kernel (4) were considered in [4] . Essentially, the different physical cases are accounted for by three modifications of (4): K1, where the parent dipole scale r is used to evaluate the running of the coupling; K2, where the sizes r 1 and r 2 of the created dipoles drive the running of the coupling; and K3 which further modifies K2 by exponentially weighting the gluon emission vertex, thus imposing short range interactions, in order to check for possible sensitivity of the results to the Coulomb tails of the kernel. The coupling has been allowed to run in the standard one-loop form with three flavours. It has been frozen in the infrared to a value α s (k = 0) ≡ α 0 , see [4] for details.
In our numerical implementation of BK evolution (for a detailed discussion see [4] ) we consider three different initial conditions evolved from some fixed value of x 0 (in practice, x 0 ∼ 0.01).
First, we consider an initial condition with the same r-dependence at fixed x 0 as the Golec-Biernat-Wüsthoff model (GBW) [5] , albeit with the x-dependence given by the BK evolution
The second initial condition takes the form given by the McLerran-Venugopalan model [6] (MV):
For transverse momenta k ∼ 1/r ≥ O(1 GeV), the sensitivity to the infrared cut off e is negligible. The amplitudes N GBW and N MV are similar for momenta of order Q ′ s but differ strongly in their high-k behaviour. The corresponding unintegrated gluon distribution φ(k) = 1 Here and in the other initial conditions (6), (7) below, we denote by Q ′ s what is usually called the saturation scale. Our definition of the saturation scale Qs is somewhat different, see Equation (9) below, but the relation between both scales is straightforward e.g. in GBW, Q
2πr 2 e ir·k N (r) decays exponentially for N GBW but has a power-law tail ∼ 1/k 2 for N MV . Finally, we consider
The interest in this ansatz is that the small-r behaviour N AS ∝ r c corresponds to an anomalous dimension 1−γ = 1 − c/2 of the unintegrated gluon distribution at large transverse momentum. This anomalous dimension can be chosen to differ significantly from that of the initial conditions N GBW and N MV . Our choices c = 1.17 and c = 0.84 are somewhat arbitrary. They can be motivated a posteriori by the observation that the anomalous dimension of the evolved BK solution for both fixed and running coupling lies between the anomalous dimension of the initial conditions N AS and N GBW (or N MV ). Thus, the choice of N AS is very convenient to establish generic properties of the solution of the BK equation.
3 Numerical results Figure 1 shows the evolution of the dipole scattering probability for GBW initial condition with fixed and running coupling. The evolution is much faster for fixed coupling than for running coupling. Further, the differences arising from the specific implementation of running coupling effects in the modified BFKL kernels K1, K2 and K3 are rather small and well understood qualitatively [4] . Importantly, effects of imposing short range interactions, K3, are very small (unless the range of the interaction is unphysically small). 
Evolution

Geometrical scaling
In the limit Y → ∞, the solutions of the BK evolution are no longer functions of the variables r and Y separately, but instead depend on a single scaling variable
The saturation momentum Q s (Y ) determines the transverse momentum below which the unintegrated gluon distribution is saturated. It can be characterized by the position of the falloff in N (r), e.g. via the definition
where κ is a constant which is smaller than, but of order, one. Different choices such as κ = 1/2 (as in the results given below) and κ = 1/e lead to negligible differences in the determination of Q s (Y ). The accuracy of scaling at small r can be checked by comparison with the analytical scaling forms, for fixed and running coupling respectively, proposed in [7] :
Here, 1 − γ is usually called the anomalous dimension which governs the leading large-k behaviour of the unintegrated gluon distribution. We determine γ from a fit of our numerical results to the functions (10) and (11) in the Y -independent region 10 −5 < τ < 10 −1 , i.e. for 10 5 Q s > 1/r > 10 Q s , with a, γ and δ as free parameters. The results given below were found to be insensitive to a variation of the lower limit of this fitting range.
For the case of fixed coupling constant, we find that the function f 1) provides a very good fit to the evolved solutions. In Figure 2 , we show the fit values of the parameter γ, obtained for fixed coupling constant from the evolution of different initial conditions N GBW , N MV , and N AS for different values of c. At initial rapidity, these distributions have widely different anomalous dimensions but evolution drives them to a common value, γ ≃ 0.65, which lies close to the theoretically conjectured one [7, 8] of 0.628. For a small fixed coupling constantᾱ 0 = 0.2, this asymptotic behaviour is reached at Y ∼ 70, while for a larger coupling constantᾱ 0 = 0.4 the approach to this asymptotic value takes half the length of evolution (results not shown). For fixed coupling solutions, f 2) does not provide a good fit to our numerical results.
We have repeated this comparison for all running coupling prescriptions. We found that both f 1) and f 2) provide good fits and yield very similar values of γ. The results for K3 are numerically indistinguishable from those for K2 and will not be shown in what follows. Also, the value of γ was found to be independent of the coupling constantᾱ 0 at r → ∞. In Figure 2 , we show the values of γ extracted from a fit to f 1) . Irrespective of the initial condition, they approach a common asymptotic value γ ∼ 0.85. While our numerical findings for N AS with c = 0.84 are not inconsistent with the approach to this asymptotic value, no firm conclusions can be drawn. This initial condition just starts too far away from the asymptotic scaling solution to reach it within the numerically accessible rapidity range. In this case, the monotonic increase of γ with rapidity at large Y is smaller than the increase for N AS with c = 1.17 at comparable values of γ, indicating that the rapidity evolution of the anomalous dimension depends in general not only on the small-r behaviour, but on the full shape of the scattering probability.
The value γ ∼ 0.85 is considerably larger than the one found in fixed coupling evolution. This is in agreement with previous numerical results [9] but in contrast to theoretical expectations [7, 8, 10] which predict the same value of γ for the fixed and running coupling cases. As an additional check, we have performed running coupling evolution from an initial condition given by the solution at large rapidity of fixed coupling evolution (for which γ ≃ 0.65). We find that even with this initial condition, running coupling evolution leads to a value of γ ∼ 0.85.
It has been argued [7, 8] that expressions (10) and (11) are only valid for values of τ inside the scaling window,
1 with Y 0 the initial rapidity, and that the dipole scattering probability returns to the double-leading-log (DLL) expression Figure 3 . However, the scaling ansatz f 1) provides an equally good fit to the BK solutions for τ < τ sw . This is the reason why in previous numerical studies [11] no upper bound for a scaling window was found. When the solutions of BK are fitted to f 1) within the scaling window, the values of γ at Y = 0 for both initial conditions are 20% smaller than those found when the fit is done within a fixed τ -window. But for larger Y the values of γ extracted from fits within either the scaling window or some fixed τ -window approach each other and quickly coincide.
Rapidity dependence of the saturation scale
In the scaling region and for large rapidity (where Q s (Y ) ≫ Λ QCD ), the rapidity dependence of the saturation scale is determined [8] by
where the numerical value of
(14) can only be found once the scaling solution N (τ ) is known.
For a fixed coupling constant, the saturation scale grows exponentially with rapidity For running coupling, the momentum scale is expected to be ∼ Q s (Y ), suggesting 2 the substitutionᾱ s →ᾱ s (Q s (Y )) in Equation (13) . This leads to [8] Figure 4 . The rise of Q 2 s is much faster for fixed than running coupling, in accordance with (15) and (16) and as already observed in [9, 10, [14] [15] [16] [17] [18] [19] For fixed coupling constant, Q 2 s exhibits with good accuracy an exponential behaviour for high-enough values of Y . The value of the slope extracted from a fit to the function (15) is ∆ ≃ 1.83 forᾱ 0 = 0.4. As expected, forᾱ 0 = 0.2 this value is reduced by a factor two, ∆ ≃ 0.91. For the constant (14), we find d ≃ 4.57, in agreement with previous numerical studies at very high rapidities [11] but slightly smaller than the theoretical expectation d = 4.88 [7, 8] .
For the case of a running coupling constant, an exponential fit can be done only for a very limited Y -region. For example, for Y ∼ 10 we find a logarithmic slope ∼ 0.28 for GBW or MV initial conditions with Q 0 ∼ 1 GeV, in agreement with the results of [10] but smaller than the values found in [18] (see also [17, 19] ). The exponential function (15) is unable to fit the full Y -range. In contrast, the weaker rapidity dependence of (16) does provide a good fit in the full Y -range. The fit to (16) 
while the theoretical expectation [7, 8] is slightly larger, ∆ ′ = 3.6.
Nuclear size dependence of the saturation scale
The nuclear size enters the initial condition. Here, we examine the effect of BK evolution on the initial nuclear size dependence of the saturation scale. Figure 5 summarises our results. In the fixed coupling case, the initial A-dependence of the saturation scale is preserved, irrespectively of whether this dependence is ∝ A 1/3 as for the GBW or MV initial conditions (which produces numerical results for the A-dependence which are very close to those obtained for GBW), or whether it differs from ∝ A 1/3 due to an anomalous dimension as the one included in the AS initial condition. This is in agreement with the theoretical expectation that, given the dilatation invariance of the BK equation (3), any nuclear dependence present in the initial condition can be scaled out.
The evolution with running coupling is seen to reduce the A-dependence with increasing rapidity. If fitted in a wide rapidity range, the dependence of ln [Q √ Y and thus well described by [20] ln
where h Q 2 s (Y = 0) is the initial saturation momentum for the nucleus, and (∆ ′ ) 2 is defined below Equation (16).
4 Geometric scaling and experimental data
Geometric scaling in lepton-hadron collisions
Following [21] and motivated by the previous sections, let us assume that both the energy and the nuclear size (or centrality) dependence of the scattering amplitude N (r, x; b) can be encoded in the saturation scale Q s,h (x, b) for any h (proton or nucleus). Then, the cross section (1) can be written as
In this case, since |Ψ
times a function of r 2 Q 2 , the cross section is only a function of τ
. This geometric scaling was found to describe all lepton-proton data with x < 0.01 [22] . In order to compare protons and different nuclei [21] one needs to make some assumptions about the impact parameter dependence. Here, we have assumed that all the b dependence can be scaled by the nuclear radius of the hadronic target 3 h,b = b/ πR 2 h , with R A = (1.12A 1/3 − 0.86A −1/3 ) fm. Then, the condition for geometric scaling in lepton-nucleus data is
For the A-dependence, we make the ansatz that the saturation scale in the nucleus grows with the ratio of the transverse parton densities to some power 1/δ, which we take as a free parameter
Here, πR 2 p is the second free parameter to be fixed by the data.
For the proton case we take the Golec-Biernat and Wüsthoff (GBW) parametrization [5] 
2 , x 0 = 3.04 · 10 −4 and λ = 0.288. This parametrization shows geometric scaling as can be seen in Fig. 6 . In order to proceed to the nuclear case, we need a functional form of the scaling curve. The data [23] are seen to be well parametrized by [21] 
where γ E is the Euler constant, Γ (0, ξ) the incomplete Γ function and ξ = a/τ 2b p , with a = 1.868 and b = 0.746. The normalization is fixed byσ 0 = 40.56 mb.
To determine Q 2 s,A , we use Eqs. (19) and (20) and compare the functional shape (21) to the available experimental data for γ * A collisions with x ≤ 0.0175 [24] [25] [26] , using ξ = a/τ 2b A . We obtain δ = 0.79±0.02 and πR 2 p = 1.55±0.02 fm 2 for a χ 2 /dof = 0.95 (see Fig. 6 for the comparison). Notice that these parameters translate into a growth of the saturation scale faster than A 1/3 for large nuclei. If we impose Q [24, 25] ) and the ratio of data for γ * A over the prediction from (21) (lower panel). As an additional check, the lower plot also shows data for γ * A normalized with respect to γ * C [26] , and divided by the corresponding prediction from Eq. (21).
Geometric scaling and multiplicities in AA collisions
In [21] a simple formula for multiplicities in symmetric colliding systems at central rapidities has been proposed:
part .
An easy way to derive this formula is to take, as the starting point, the factorized expression [27] for gluon production
where the integrand is a constant. This proportionality between the total multiplicities and the saturation scale is shared by other models of hadroproduction [27] [28] [29] [30] . It is important to notice, however, that for the case of geometric scaling, Eq. (22) is more general than the factorized form (23) . Indeed, any functional shape of the integrand will lead to the same result providing geometric scaling holds. In order to recover Eq. (22), the energy dependence of the saturation scale in (24) is given by the GBW parameter λ = 0.288; for its centrality dependence we use the known proportionality in symmetric A+A collisions between the number N part of participant nucleons and the nuclear size A and Q 2 s,A ∝ A 1/3δ , with δ = 0.79 ± 0.02. In this way, the energy and centrality dependences are determined by parameters fitted to γ * − p and γ * − A respectively. In all these models, the hadron yield is assumed to be proportional to the yield of produced partons. The remaining normalization constant is fixed to N 0 = 0.47 in order to reproduce PHOBOS data, see Fig. 7 . It is interesting that even thep+p data ( [31] , as quoted in [32] ) at √ s = 19.6 and 200 GeV are accounted for. Eq. (22) implies that the energy and the centrality dependence of the multiplicity factorize, in agreement with the results by PHOBOS [32] .
A formula similar to Eq. (22) has been extensively employed to study multiplicities in Au+Au collisions in [33] . These authors assume Q part ) argued to come from scaling violations of the coupling constant in (23) . Notice that for the accessible range of A, A 4/9 ∼ A 1/3 ln(A 1/3 ) -this being the reason why both approaches provide a fair description of the data at RHIC.
Geometric scaling and dAu data
The forward rapidity region of the RHIC experiments has become the main testing ground for saturation ideas. In this section, we check to which extent geometric scaling can account for the observed suppression on particle yields. The situation in this case is, however, more modeldependent than in the previous two cases. The reason is (22) compared to PHOBOS data [32] . Also shown in the lower panel are thep+p data [31] and results for √ s = 62.5 and 5500 GeV/A.
the existence of two different saturation scales (one for the deuteron and another one for the gold nucleus) which precludes the trivial changes of variables done before. In order to proceed, we observe that if one writes Eq. (1) in momentum space k, the main contribution to the cross section comes from k ∼ Q/2. Approximating the dipole wave function (in momentum space) by δ(k − Q/2), the scaling curve (21) is (except for a normalization constant) the unintegrated gluon distribution,
. For the case of particle production in dAu collisions, the gluon saturation scaleQ s,A 2 = N c Q 2 s,A /C F needs to be used. Now, if the parton distribution in the deuteron falls off sufficiently quickly, φ d ∼ 1/k n t , n ≫ 1, we obtain from Eq. (23)
for the centrality classes c 1 , c 2 . This simple formula relates the suppression measured in lepton-nucleus collisions to that in d+Au. For the comparison in Fig. 8 to data [34] on the normalized yields of central and semi-central over peripheral d+Au collisions, we use the number of nucleonnucleon collisions N coll in different centrality bins [34] with N coll1 = 13.6±0.3, 7.9±0.4 and N coll2 = 3.3±0.4. Only the two most forward rapidities η = 2.2 and 3.2 are compared. This simplistic analysis indicates that the suppression of particle yields in forward rapidity measured in d+Au collisions is in agreement, through geometric scaling, with the nuclear shadowing measured in lepton-nucleus collisions.
The connection between the small x-and A-dependence of parton distribution functions, and the suppression of normalized yields in d+Au collisions [34] at forward rapidity has been discussed in several recent works [11, 35] . Eq. (25) contributes to this discussion by illustrating to what extent the suppression of high-p t particles in d+Au at RHIC can be accounted for by the shadowing in γ * A collisions, see Eq. (21).
Comparison of data and theory and conclusions
The two main properties of the BK evolution are the existence of a scale which indicates the presence of a saturated region and the existence of a scaling solution at asymptotic energies. The analytic form of the asymptotic solution is only known for some ranges of the dipole size. Here we have presented a numerical analysis of the BK equations without impact parameter dependence. In order to study the possible effects of next-to-leading-log corrections to the BK equation we have included the running of the coupling constant, using several prescriptions. Our results confirm the existence of a scaling solution also for the running coupling case. Most of our numerical results agree with the analytical estimations. Namely, the evolution in rapidity of the saturation scale has been found to be exponential for the case of fixed coupling and slower (the exponential of a square root) for the running coupling case and with parameters in agreement with analytical estimates; the nuclear size dependence of the saturation scale has been found to be preserved in the fixed coupling case and to disappear asymptotically in the running coupling case; the small-r behaviour of the scaling solutions reproduces the anomalous dimension found analytically for the case of a fixed coupling, but it is found to be different (in disagreement with analytical estimations) in the running coupling case.
If the dynamics of the BK equations is relevant for the present experimentally accessible regimes, the above properties should be realized in the data. The observation [22] that all the available data on lepton-proton scattering with x < 0.01 can be described by a single variable
s,p is reminiscent of the existence of a scaling solution. The energy dependence of the saturation scale extracted from a fit to experimental data [5] is too small compared with the results of BK with fixed coupling. It is, however, in approximate agreement with the running coupling case if one is restricted to a small range of energies. In the nuclear case, we have found [21] that a similar geometric scaling of the nuclear data is possible by encoding the nuclear size in the saturation scale. The A-dependence is, however, different from the usually assumed A 1/3 and turns out to be stronger, ∼ A 4/9 . If this result is not a numerical accident, this behaviour could only have a dynamical origin (the geometrical behaviour of Q 2 s,A is A 1/3 ). This is not in disagreement with the solutions we have obtained from the BK equations, but the relation is obscure: the A-dependence of the saturation scale is preserved (i.e. it is the same as in the initial conditions) for the fixed coupling case, but disappears for the running coupling case. The nuclear size dependence is, however, expected to be modified when an appropriate treatment of the impact parameter is taken into account in the BK equation [36] .
We have also found that a simple explanation for the centrality dependence of the multiplicities measured in symmetric systems at central rapidities is possible with the nuclear size dependence of the saturation scale obtained from lepton-nucleus data. In the presence of a geometric scaling, these multiplicities are proportional to Q gives, however, a nice description of the experimental data. As a final check, we have found a striking similarity of the suppression of nuclear yields in forward d+Au collisions measured by the BRAHMS collaboration at RHIC and the nuclear shadowing measured in lepton-nucleus experiments. All these observations are in agreement with the interpretation of the data in terms of saturation physics, but the existence of a numerical accident cannot be excluded. A quantitative description of the experimental data with explicit use of QCD evolution equations will be needed in order to establish the relevance of the saturation effects.
